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Restriction to subspace The following problem is for a class |
am taking: Let $Y$ and $Z$ be Hilbert spaces, $T: Z\to Y$ a
bounded linear map, and $K$ a subspace of $Z$%$ such that
$T(z) = 0% for all $z \in K$. Show that the restriction of $T$ to
$K$ is 0. So far I've got: Let $\{ y n\} {n\in\mathbb{N}}$ be
a basis for $Y$, and $\{ z m\} _{m\in \mathbb{N}}$ be a
basis for $Z% where $z_ m \in K$. Then $T(z_m) = 0$ for all
$m$, and $T(K) \subset Y$. So given an $y \in Y$, we have
$T(z_m)$ converges to $y$ and, being a linear map, $T(K)
\subset \{ y \}$. Thus, $T| K = 0% as required. If anyone could
give me some pointers in the right direction, it would be
greatly appreciated. A: Your proof is basically correct. The only
thing that | would mention is that, if $y \in Y \setminus
\overline{T(K)}$, then there is a $z \in K$ so that $y-T(z) eq
0%$. The hypothesis that $z \mapsto \|y-T(z)\|$ is bounded on
$K$ implies that $y=T(2)$. In your example, $K$ might be a
vector space of dimension zero, so that the map is just 0. Q:
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